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Optimal motion regimes for bodies of variable mass with limited jet
power were considered in [1-9]. There, the active time for jet operation
was chosen optimal. The purpose of the present investigation is to
generalize the previocusly obtained results for the case when the operat-
ing time of the powerplant is given and is less than optimal.

Section 1 discusses the general approach of solving the variational
problem with a given time of control action less than optimal. Section 2
formulates the variational problem on the motion of a powerplant device
with limited power, the working time of which (active time) is given
and is less than optimal. Sections 3 and 4 illustrate the general re-
sults with analyses of optimal motions in a plane-parallel gravitational
field. Two limiting cases of powerplant control are considered: an
ideally controlled system (variable optimal thrust - Section 3), and an
uncontrolled system (constant thrust - Section 4).

1. Let us consider the Mayer problem applicable to the dynamical
system

& = f, (zj, ux) U, 7=0,4,...,n k=1,...,m) (1.1)

The quantities x,, u, are phase coordinates and control functions,
respectively, differentiation being with respect to time t; the bound-
ary conditions are defined at a given initial time (¢t = 0) and a final
instant of time (¢ = T); the value of the phase coordinate x0(73 is the
control functional subject to optimization. One of the control functions
is bounded from below u; =>0. The control u; will be assumed switched on
if u; > 0, and switched off if u; = 0; the sum of all intervals of time
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The motion of a body with veriable mass 1301

during which the control u, is switched on will be referred to as the
control action time T,.

Having solved the variational problem let us find the time T,* T
which will be defined as the optimal action time for the control u,.

Let, in addition to the above formulated variational problem, there

be given a time of action for the control u, less than the optimal
T, <T,x

In order to reduce the complicated variational formulation to the
standard Mayer formulation, we will introduce an auxiliary phase coordi-
nate t, which is the current time of action of the control u,, and the
control & related by the differential equation {, = 5. The control &(t)
is a relay function assuming a value of unity at the moment of switch-
ing on, and the value of zero when the control u, is switched off.
Utilizing the properties of the function 5(t) we will replace the con-
trol u; by u,5; this product coincides with u, during switching on and
is zero when switched off. The system (1.1) becomes

Li/‘i=fi($j, ulﬁ, Rk), £M=6 (i,j:::(),i,.,.,n;k:Z,...,m) (1-2)

1f, simultaneocusly with the above mentioned boundary conditions for

the phase coordinates xi(O) and xi(77, the boundary conditions for the
auxiliary coordinate %, are also satisfied

T

t,(0)=0, t,(T)= g 8dt = T\ < Tue*

0
while the relay control &(t) along with the remaining controls is chosen
optimal in the sense of the control functional xo(Tﬁ, then the vari-
ational problem with the additional condition of given time T, < T,*
will be solved. In other words, the optimal number of switching on
operations and the optimal time of action for the u, control will be in-
dicated in each active section of the trajectory. In solving the given
problem by the L.S. Pontriagin method we construct, as usual, the
Hamiltonian H and write the differential equations for the impulses
[momenta] p;

S . H .
H == Z pif'i (x]7 u167 uk) +pM6’ pi = gw ) p.M:O (1.3)

q==() K

Let us represent H as the function of the control & as follows:
H=H,+ (H, — Hy +pu) &

Ho = pfi(zj, 0, m), Hy= 2\ p.f, (z; g, wi) (1.4)

i=0 i=0
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Let, for definiteness, there be a requirement to find the maximum of
the control functional x,(T), i.e. the H function must be reaching the
absolute minimum on the optimal controls u, u and 5. For the control
& the absolute minimum of I takes place when

6=0 for Hy—Ho+p,>0, 6 =1 for Hi—Hy+p, <0 (1.5)

The difference H,(¢) - H (t) is nonpositive. Indeed, {I, = Hb for
u; =0, as follows from the definition (1.4) of the functions H,, H13
for other values of u, the difference H, - H, should be negative since,
otherwise, the Hamiltonian H can be decreased by letting u; = 0, i.e.
H, - H, = 0. This determines the sign for the impulse p,

p,>0 (1.6)

(p, < 0 for the case of maximum ). If p, < 0, then the expression H -
H, + p, would never change sign, and 8(t) = 1; at the same time i, =1
and t,(T) = T, which would automatically violate the boundary condition
t,(T).= T,. We note that for u, = 0 the optimal value for § = 0, since
p, > 0. If p, = 0 then the resulting time T, =T, *.

The described approach is also applicable for several controls with
given times of action less than optimal. In that case, a required number
of auxiliary controls & is added instead of one.

2. 1. Let us introduce the following notation: G, G , Gy, Gy and G
represent the current weight of the working medium, the payload, the
sum of these two weight components, the weight of the powerplant, and
the current weight of the body of variable mass, respectively; q, V, P
and N are the weight consumption of the working medium, flow velocity,
thrust, and the power of the jet, respectively; Ny and a are the maximum
power delivered by the powerplant and the unit weight of the powerplant;
and a is the acceleration resulting from the jet.

The above quantities are related as follows:

G=Gs+ Gy, CGi=Gnt+G. N=9-, pP=L

g

_Pg _ V2Ng
GN-"-C(N(), a———G—wm

In the following we will use the weight characteristics referred to
the initial weight of the body of variable mass with previous notations
G, G, Gs, Gy, G and q, where the initial weight is unity. The power
will be referred to the maximal power, retaining the notation N. Then
the expression for acceleration will be
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a=a(N, Gy, Gz, q) =V g /a) NGnq/ (Gz + Gn) 2.0

Let us now consider the rectangular coordinates x, y and the corre-
sponding velocities along the axes £ = v , y = v, and denote by
X(x, y, t), Y(x, y, t) the projections of the gravitational acceleration
on the axes of the rectangular system of coordinates. The thrust direc-
tion will be characterized by the angle [} between the thrust vector and
the x-axis. The upper indexes 0 and 1 will refer to the beginning (¢ =0)
and end (t = T) of the motion, respectively.

The equations of plane motion of a body of variable mass in an arbi-
trary gravitational field and the boundary conditions are of the form

Ge=—¢q, &=0v, y=uv, v.=acosPp+X, d,—asinp+Y
G (0) =1 —Gp®% 20 =2%y@0)=19¢° v:0)=0v0 2,0 =290
2Ty =2 yM =19y, v:(T)=2d, v,(T)=0} (2.2)

where the function a = a(N, Gy, Gy, 7) is given by the formula (2.1).

In the considered problem the functions p(t), 4(t), N(t) and Gy(t)
are the controlling functions. In regard to Gy it is known [7] that the
optimal programming of it along the trajectory is insignificant for the
result. Therefore, in the following we will let Gy = const and will de-
termine its value from the optimal conditions. The control N(t) is
bounded from below and above 0<CN(t) < 1l. The weight consumption q(t)
can be programmed either along the trajectory, if there is no restric-
tion on the thrust, or assumed constant if the thrust P and the power N
are constant.* Also, the consumption control may consist of sections
where g7 = 0. The control [((t) is not restricted in any way.

Let the dynamic system be subject to the equations and boundary con-
ditions (2.2), and let there be given a time T and the active time T,,.
Also, let the controls P(t), 7(t), N(t) be chosen from a permissible
class. It is required to find optimal controls and optimal trajectories

yielding a maximum of the functional Gzl = G, which is the relative pay-
load.

Let us introduce the auxiliary phase coordinate t, and the control
function 8 and form the control 48 instead of the previous q. The com-
plete system of equations and boundary conditions for t, are in this

* It will be shown below that the maximal utilization of power, i.e.
N =1, is optimal.
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case of the form

(.;}:'.:_‘]5’ & = Uy, g:v’ljr 1}x=a5(zosﬁ+X

. 2.3)
15,,=a6 SinB+Y, tM:”:a (tm(o):Os tM(T)r"TM)

The Hamiltonian H is in explicit form and the differential equations
for the impulses p are expressed as follows:

- V(@79 GygN
H=—pyad +pos+ p,ou+ Pou (g, 000sB+X)+
V@eiaGygN _ ,
+pvy( Gy + Gy 6smﬁ+¥)+pM§ (2.4)
; . V(@Ta)GyaN . ax oy
Py = (P 0SB+ Py SI0B) T T = Py Pu

2.5)
. X Yy T . R
py-——‘pvx—-@--‘—pvyﬁy’ Pyy = = Py pvy:_pyv p.u:O

The final value of the impulse pzl = -1. In the variational problem,
one looks for the maximum of the final quantity Ggl. Therefore, the
sought optimal controls must yield a minimum of the Hamiltonian /1,

The optimal controls B{t} and N(t) were given in [2,5,8-11); in the
present notation they are of the form

Pox=—P,c0sp, p,=—p,sinP (Po=Vpi+p2) (2.6)
N@ =1 2.7)

Utilizing (2.6) and (2.7), we rewrite the equation for py as well as
the function H, retaining in the latter the terms with the control func-
tions

©.8)
. V7o) Gyg . V287 Gyq
i~ e Ok

2. Let us consider the case of variable optimal consumption (thrust).
If no restrictions of some kind are placed upon the consumption control
then, as is known [2,4,7), the solution of the formulated variational
problem is reduced to determination of the optimal law for variation of
the thrust acceleration vector which results in the minimum of the

functional
T

J = Saﬂdt 2.9)

a
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while the optimal quantity Gy and the maximal quantity G are found from
the relationships

Gy=Val [2g — ot | 2g, Gn= (1 —ValTl2g2 (2.10)

according to the known functional J.

Thus, the original problem of finding the maximum Gy! can be replaced

in the case of the variable optimal consumption by the problem of find-
ing the minimum J, and the control function 7(t) by the control function

a(t).

The problem of the given time of action T, < TW* in terms of the
functional J and the control function a(t) is described by the following
system of differential equations:

J = a®8, & == Uy, y =0y

. . . (2.11)
O = ad cos B + X, v, =adsinpP+ Y, i, =08

The Hamiltonian /1 and the differential equations for the impulses
are of the form

2.12)
H = — 0% + pyo + pyvy + Pox (@0 08B + X) + pyy (adsin + ¥) + p,d
. oX aYy . 0xX oY
px:’*pvx“a?_.pvy’gg, py':"“pvx”gg’_pvy@‘ (213)
Pz = — Pxs ﬁvyz — Pu» }:’M:O

The controls a(t) and (t), which on the active sections yield a
maximum of the function H, satisfy the relationships

a=py/Z; Pox=poc0sP, py=p,sinf (P = V;?g:;;%) (2.14)

The times of switching on the acceleration are related to the change
in the sign of the combination A

0=1 fora>0, O6=0 for ALO (A=p2l4+p,) (2.15)

The quantity P < 0 determines the value of the control time of
action T, If T, is not given beforehand, then p, = 0 and A < 0 and,
consequently, there are no passive sections on the trajectory (8]. This
conclusion is valid only in connection with the case of variable optimal
consumption.

3. Let us consider the case of constant thrust. The optimal nature
of the limiting control N(t) = 1 along the active sections of the
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trajectory was shown above. This property, along with the requirement of
constant thrust, leads to the constancy of consumption g(t) = const. Let
us express for the case of constant thrust the equations of motion and
the functional by means of a new control parameter, the initial accele-
ration a, due to the thrust. Since 7 = const, the consumption equation
(2.3} is integrated and the relative payload is expressed as follows:

Go=1—Gy—qT,=1— (/28 as’/ g — qT (2.16)

System (2.3}, without the first equation and with the aid of the
arameter a,, can be expressed as .
P 0r P (2.17)

. . ! . 8 . 208 . .
E=v;, Y=, vxsza_“‘q—%cosB-FX, v,,:l——"—;]—t;smB+Y, fy=15

The impulse equations remain as before (see (2.5)) with the exception
of the equation for py (2.8)

. &
Py :“pvﬁry (2.18)

The function A* becomes
H* = (= pod + poy= + 7.} 8 (2.19)

The optimal control B is found with the aid of the impulses p ., Pyy
(2.6). The instants of switching on (8§ = 1) and switching off (5§ = 0)
coincide with the instants of sign change in the expression A

(2.20)

6=1 forA<0, 3=0 fora>0 (Am—pzq~pvzta%§+pM)

The procedure of choosing the optimal value for Gy or, equivalently,
the establishment of an optimal relation between a, and 7, in contrast
to the example worked out in Section 2, requires the simultaneous solu-
tion of the weight and trajectory parts of the general problem. The
particular examples of such a procedure are given in Section 4.

In contrast to the case of variable optimal thrust, in this case it
is not possible to prove the optimal trajectories without passive
sections. It will be shown below (Section 4) that the inclusion of a
passive section improves the result.*

« For motion in a force-free field, this conclusion was made by Preston-
Thomas (see, for example {1}}. Paper {6} gives a choice of an optimal
passive section in the computation of interplanetary trajectories.



The motion of a body with variable mass 1307

The number of passive sections on the trajectory is determined by
the multivalence of the inverse function pv(t). Indeed, the first term
pyq is unchanged in the expression for A on the passive section, but
only the function p (t) is changing and the number of roots of the equa-
tion A = 0 depends on the form of this function.

3. Let us consider a motion in a plane-parallel gravitational field
with variable optimal thrust. In the previously established notation,
the motion is described by a system of differential equations (2.11)
for X(x, y, t) =0, Y(x, y, t) = - g = const. The differential equations
for the impulses (2.13) can be integrated

Px = €1y Py =2Ca Dux= — (g tc3 Py = — Cof 4 (3.1)

From the expres31on for p,, and p, and, consequently, for p
[(=c,t +¢ ) + (—cyt +¢,) F2)1/2 Y may be concluded that the tra-
jectory in a plane- parallel f1eld with a switch off control contains
one passive section. Indeed, equation A = 0 (see (2.15)) is quadratic
and has two roots

te,n = 2—}—0 5 [eicg -+ cocg =V — 4PM (cr® + ¢g?) — (ci6q + €205)°]  (3.2)

which determine the beginning of ¢, and the end t, of the single passive
section. Since the duration of the latter is given as t, — t, =T -~ T,,
then the impulse p, can be eliminated from formulas (3.2) and the in-
stants of beginning and end of the passive section are finally given by

e = Sttt 3 (T — 1) (3.3)
Optimal laws for projections of the motor acceleration a_ = a cos {3,
a, =a sin B on the active sections are linear in time (see (2.14) and
(3.1))
2 1 1 1
=3 (— eit + c3), ay = 5 (— et +c) (3.4)
\ In order to find the constants c,, c,, c; and cy
for given initial and boundary values of the coordi-
\\ nates and velocities, the equation of
motion in system (2.11) should be inte-
\Y grated along the active and passive
N sections, the location of which is deter-
\\\\ mined by formulas (3.3). The change in
Q; 1077 the projections of the motor acceleration

is given by the functional dependence
(3.4) on the active part of the trajec-
tory, and at the instant of switching off
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the control, the motion becomes unaccelerated with a, =a, =0.

As an example illustrating the method for solving the problem of the
powerplant with switch-off capability, let us consider the one-dimen-
sional motion in a force-free field (g = 0) between two positions of
rest separated by a distance [. The boundary values of the phase coordi-
nates are as follows:

2 (0) =2, (0) =2, (1) =0, 2(T)=1 (3.5)

The beginning and end of the trajectories are the points of equi-
librium; therefore, the passive section cannot start or end the motion.
After carrying out a consecutive integration of the equations of motion
(2.11) along the active and passive sections we obtain the constants €y
and 3

1 T
= N R ) =12 g .
w0 ¢ = 24 T—T,)? ¢y =12 75— T=T,) (3.6)
VVF
- Substituting these quantities into (3.3)
\ we find the time of start and end of the
passive section
4 \ L =1y Tw Ly =T—1/, Tau
as well as the projections of the motor
accelerations
7,
0 Lud . i —1
7 3 3 y 3 L{—2t4T) T faT,>t2>0

ax—:GWW for

ax=0 for T“—I,/z TM»>/t>1/2TM (37)

T>t>T—1T,
Fig. 2.

The function ax(t) determines the value of the integral functional
(2.9)

v T 2
== 2 } L A b A — 3.8
I S e 2dt + atdt R (3.8}
0 T-1.T p

Thus, the passive section on a trajectory connecting two points of
rest in a force-free field is located in the middle of the trajectory.
For a given time of motion T and given distance ! between the points,
the J integral increases monotonically for decreasing time T, of con-
trol action (see Fig. 1, I = J/(1212/T3)). For a given time T, and given
!, the J integral decreases monotonically for increasing time T (see
Fig. 2, I, = J/121%/1,3).

As a second example, let us consider the problem of acquiring the
given absolute value of velocity for a body of variable mass in a
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force-free field. Let the body of variable mass begin its motion from
an initial position with the fixed phase coordinates

z2(0) =20 y(0) =9 2,(0 =20 2,0)=09p0

It is required to determine the optimal law for variation of the
functions a (1), ay (1) and 8(t) for given time of motion T, time of con-
trol action Z; and the magnitude of the final velocity vl = J[(vxl)z +
(vy1>2}. The coordinates of end motion and the direction of the final
velocity vector are not fixed but are chosen from the optimal conditions

Therefore, p (T = py(T) = 0, and in the formulas (3.1) ¢; ¥ ¢35 = 0.

Consequently, the function A (see (2.15) and (3.2)), which determines
the times of switching on and off the control, is constant. However, the
sign and magnitude of this function are not determined. This means that
the distribution of passive sections of the trajectory is not determined
and does not affect the functional of the problem. The projections of
the motor acceleration are constant [2)

ay =1/ 65 a,=15¢, (3.9

The values of the parameters €y and oy and the expression for the
functional are as follows:

¢y == 205w [T, ¢y = 20,00 [Ty J=w?]T,, (w = vt [ v0—1) (3.10)

4. Let us consider the motion in a plane-parallel field with constant
thrust. In this case, the equations of motion (2.17) and the impulse
equations are simplified. The impulses p  and p are expressed analo-
gously to the case of variable optimal thrust (S.i). These expressions
yield the formulas for the direction cosines of the thrust vector on
the active sections of the trajectory

. Caf — €4 ¢l — ¢3
sinB = , CO8Q3 == 1
g V (— ext + es)? + (— eat + eo)? . V(= et + )P+ (— eat + ca)? 1)

The instants for switching on and off the thrust can be found from
the conditions (2.20). Since the function t(pv) is in general a double
valued function of its argument for a plane-parallel field, the tra-
jectory can have no more than one passive section.

Indeed, if the combination A (2.20) at time ¢, changes sign from a
minus to a plus, then starting with that time the motion becomes un-
accelerated and only the function p (t) can vary with time in the ex-
pression for A(t). For a double valued t(pv) there will exist a time t,
such that p (t,) =p (¢t ) and then the combination A will change sign
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for the second time. The beginning t, and the end t, for the passive
section are found according to formulas similar to (3.2). It is worth
noting that the conclusion about the number of passive sections in a
plane-parallel field coincides with the above obtained result in
Section 3 for the variable optimal thrust as well as for constant thrust
but for an entirely different class of motive systems [10,11].

Let us consider both problems given in Section 3 under the condition
of constant thrust. The first problem is one-dimensional motion between
two points of rest separated by a distance [ from each other. The one-
dimensional motion takes place for the values of the constants €gTcy =0
in formulas (4.1). Also sin 3 = 0, cos § = ¢+ 1, i.e. the thrust vector
has a direction which coincides with the direction of motion or is
opposite to it.

In order to establish the number and instant of thrust direction
changes, we will again formulate a variational problem for a one-dimen-
sional motion by introducing the control P*(¢¢) = + 1 for the direction
of the thrust vector. The equations of motion, the equations for the
impulses, and the Hamiltonian are in this case, expressible as (see
(2.17), (2.28) and (2.19))

aod

02 = e qf), 2’ = l’x, l;x ey ,‘1 — q"t‘M B*, t'.M. e (S
. . ao{S . . . N .
Pr =" P g Br  P— 0 Pu=—Pe  Pp=0 (42
agd
H:~p2q§+vax+ Prx '1_th B*+p.\16

For a minimum of the function H, it is required that P*(t) =
— sign p .. Inasmuch as the impulse p,  is a linear function of time

! , 7
I,
(/) 604,
6?/0 L~
P
/4,,, A 4
¢ g
/ — — N
7 \
/ S
!/ ! >\\>\< §:\~\
g ao awr 8 0 4907 a3 )
Fig. 3. Fig. 4.

Py T = oyt + ¢33 = c(t — t*), then the thrust vector changes direction
in a single-valued manner at the instant ¢ = ¢*. The combination A

which determines the boundaries of the passive section is, for the case
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considered, of the form
A__PE‘Y“lCt“"t)Ii + Py (4.3)

It follows from the analysis of the roots of the equation A = 0 which
determines the beginning and end of the passive section that t* — ¢, =
tp, — t* 1i.e. the time t* divides the passive section into two equal
parts. Thus, the optimal trajectory of translation from one point of
rest to another with constant thrust, as in the previous case, consists
of three sectioms: the acceleration section (0 <<t <x¢t,, §=1, D* = 1),
the passive section (t, <t <ty 5 = 0), and the deceleration section
(t, <t T, §=1, p*r=-1,

The integration of the equations of motion sequentially along the
three sections yeidls two relations between the beginning ¢, and the
duration T, of the active sections in terms of the consumption ¢ and
the initial motor acceleration a

@ 1
1 g7, = (1 — gqz,)% l = 719«[21“ - T, — rz-(T —T,)In(1— qT) ] (4.4)

In deriving the second formula in (4.4), the quantity tk was elimi-
nated with the aid of the relationship tp Tt + T - 7,. Expressing ¢,
in the first formula of (4.4) by ¢, T, and snbstztuting into the second
one, we utilize the obtained relationship for elimination of ay from the
expression for the functional Gn (2.16)

G, =1— Gm_q)l (T/TM)a G2 [2(1— Vl— G — G+
+Y G, (T/T, —1)In (4 —G,)]? (4.5)

where Gm = qTM is the supply of the working medium
= (o /2g) 12/ 1%

The procedure for finding the maximum G, has been carried out for
several given values of 7,/T, as well as for the optimal (T, /T)*. The
optimal duration of the active sections (T, /T)* and the optimal rela-
tionship between the relative weights of the powerplant Gy and the
supply of the working medium Gm are shown in Pig. 3 as function of the
quantity 01.

Figure 4 shows comparative curves Gn(wl) for the following cases:
(1) motion with constant thrust T, /T = 0.1; (2) motion with constant
thrust T, /T = 0.2; (3) motion with constant thrust and optimal active
time (the curve corresponds to the results of [1]); (4) motion with
variable optimal thrust whose active time is equal for each value of ml
to the optimal active time for the case of constant thrust; (5) motion
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with variable optimal thrust without passive sections (Curve 5 corre-
sponds to the results of {4,5}}.

Curves 4 and 5 in Fig. 4 were computed from the expressions (see
(2.10) and (3.8))

1 C,=(1—V120,/[{ — (1 =T, /THP®, Gy = (1 — V 120))
{4.6)
\ The second problem is the attaining of a given modulus

of velocity for the motion in a force-free field {1]. The
¢ \\ analysis of this problem is in many re-
i

spects like that in Section 3. The values
Y& of the constants ¢y and ¢, were chosen
§§L, for optimal reasons. The zero values were
N chosen likewise,

p=const \
! z 7 The combination A (2.20) which deter-
mines the times of switching off and on

Fig. 5. is a function independent of time along

the passive section (since Py = gonst).
Therefore, the passive section can only close the trajectory and, con-

sequently, only the active time T, affects the functional of the problem.

The results are shown in Fig. 5 where the relationship G (d)) is
given, The quantity $v is expressed as

@, = (2/2g) (' —29)2/T,,

The same figure shows, for comparison, the curve for the case of
optimally variable consumption Gn = (1 - va)z (see (2.10 and (3.10)).
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